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Abstract
Classical and nonclassical states of quantum complex oscillators with real spec-
trum are presented. Such states are bi-orthonormal superpositions of n+ 1 energy
eigenvectors of the system with binomial-like coefficients. For large values of n
these optimized binomial states behave as photon added coherent states when the
imaginary part of the potential is cancelled.
1 Introduction
In Ref. [1] a wide family of complex potentials that have the spectrum En = 2n + 1 of
the quantum oscillator Vosc(x) = x
2 plus the energy eigenvalue E0 = −1 is reported (see
Figure 1). The energy eigenvectors |ψk〉 of this new potential form a bi-orthonormal basis
of the corresponding space of states. In this communication we study the superposition
properties of such a set of vectors. In particular, we construct a packet of n+ 1 adjacent
states such that |ψr〉 is the eigenvector of lowest energy in the superposition. That is, the
collection |ψr〉, |ψr+1〉, . . . , |ψr+n〉 is used to tailor a pure state of the system that can be
either classical (with nonnegative Wigner function) or nonclassical [2] in the limit of the
quantum oscillator (i.e., when the imaginary part of the complex potential is turned off and
the appropriate parameters are chosen). The Fourier coefficients ck associated with the
states |ψr+k〉 in the superposition are such that |ck|2 is a binomial distribution delimited
by n. We say that this bi-orthogonal superposition is an optimized binomial state. The
concept of binomial states was introduced in [3] for the first n + 1 eigenvectors of the
quantum oscillator. The soundness of the approximation lies in the fact that such states
represent light that is antibunched, sub-poissonian, and squeezed for certain parameter
ranges [3] (see also [4]). Here we use the arbitrary collection of vectors described above
and show that similar properties are obtained in the limit of the quantum oscillator,
even if the generating set of vectors does not correspond to the first n+ 1 energy states.
Moreover, we show that the summing of a very large number (n→∞) of elements in the
collection leads to r-photon added coherent states.
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Figure 1: Real (blue, continuous curve) and imaginary (red, dashed curve) parts of the complex oscillator
potential Vλ(x) defined in (1) for a =
pi
4 , b =
√
pi
2 and c = 1. The energy eigenvalues En = 2n − 1,
n = 0, 1, . . ., are represented by dotted horizontal lines and the conventional oscillator (black, dotted
curve), with eigenvalues En = 2n+ 1 = En+1, has been included as a reference.
In Section 2 the main properties (bi-orthogonality, continuity equation, time-evolution)
of the space of states |ψk〉 is revisited. Section 3 deals with the tailoring of the classical
and nonclassical states indicated above. Some concluding remarks are given in Section 4.
2 Complex oscillators with real spectrum
Let us consider the family of complex dimensionless potentials
Vλ(x) = x
2 − 2− 2 d
dx
[
b+ 2aErf(x)− i√piλ√
piα2(x)
]
, (1)
with λ a real parameter and α(x) the real function
α(x) = ex
2/2
[
aErf2(x) + bErf(x) + c
]1/2
. (2)
This family is reduced to the one reported by Mielnik [5] if λ = 0 and the real parameters
a, b and c, are properly chosen [6]. For λ 6= 0, and any set of non-negative parameters
{a, b, c > b2
4a
}, the potential Vλ(x) is exactly solvable [1] with spectrum En = 2n − 1,
n = 0, 1, 2, . . . (see Figure 1). Indeed, Vλ(x) is a complex supersymmetric partner of
the quantum oscillator Vosc(x) = x
2, this last with spectrum En = 2n + 1. The set of
eigenfunctions is given by
ψn+1(x) =
1√
2(n+ 1)
[
d
dx
− α
′(x)
α(x)
+ i
λ
α2(x)
]
ϕn(x), n ≥ 0, (3)
and
ψ0(x) =
κ0
α(x)
exp
[
iλ
∫ x
α−2(y)dy
]
, (4)
where κ0 is a normalization constant and
ϕn(x) =
e−x
2/2√
2nn!
√
pi
Hn(x) (5)
are the wave-functions of the quantum oscillator.
2
2.1 Bi-orthogonality
Although (3) and (4) do not form an orthonormal set, it is possible to construct a
bi-orthogonal system {ψn, ψm}n,m≥0 by considering that Hλ = − d2dx2 + Vλ(x) and its
Hermitian-conjugate H†λ ≡ Hλ are formally different. The notion of bi-orthogonality
arises when orthogonality requires two formally different sets of vectors. That is, if a
given set {ψn}n≥0 cannot be orthogonal then one can consider the dual set {ψm}m≥0 to
get (ψm, ψn) = δm,n. As the wave-functions ϕn(x) are real we get ψn(x) = ψ
∗
n(x), with
z∗ the complex-conjugate of z ∈ C. Therefore, the following bi-orthonormal condition [1]
holds
(ψ∗n, ψm) =
∫
R
ψn(x)ψm(x)dx =
∫
R
ψ
∗
n(x)ψ
∗
m(x)dx =
(
ψn, ψ
∗
m
)
= δn,m. (6)
Any arbitrary state φ(x) of the complex oscillator, as well as its dual φ(x), can be expressed
as a superposition of the fundamental solutions
φ(x) =
∞∑
k=0
ckψk(x), φ(x) =
∞∑
k=0
ckψk(x), ck, ck ∈ C, (7)
where the Fourier coefficients, ck and ck, are determined by the bi-products
ck =
(
ψk, φ
)
, ck =
(
ψk, φ
)
. (8)
In turn, the normalization condition(
φ, φ
)
=
∞∑
k=0
c∗kck = 1 (9)
is fulfilled for the appropriate products c∗kck ∈ C. We shall take ck = ck for simplicity. On
the other hand, given φ(x) the conventional notions of probability density ρ = |φ|2 and
probability current J = i
(
φ∂φ
∗
∂x
− φ∗ ∂φ
∂x
)
lead to the continuity equation
∂J
∂x
+
∂ρ
∂t
= 2Im(Vλ). (10)
However, using the bi-orthogonal quantities ρB = φ
∗
φ and JB = i
(
φ∂φ
∗
∂x
− φ∗ ∂ψ
∂x
)
, one
gets
∂JB
∂x
+
∂ρB
∂t
= 0. (11)
If λ = 0 we have Im(Vλ) = 0 and ψk = ψk, so that ρB and JB coincide with ρ and J
respectively. From here, the limit to the quantum oscillator [6] gives Vλ=0 → Vosc−2, and
ψk → ϕk.
3
2.2 Time-evolution
The conventional time-evolution operator U(t) = e−iHλt is no longer unitary because Hλ is
not self-adjoint. To construct the dual of U(t) in proper form, we use the bi-orthogonality
introduced in the previous section. Namely, U(t) = e−iHλt is such that U
†
(t)U(t) = I [6].
Then, the time-evolved vectors |φ(t)〉 = U(t)|φ(0)〉 and |φ(t)〉 = U(t)|φ(0)〉 are such that
〈φ(t)|φ(t)〉 = 〈φ(0)|eiH†λte−iHλt|φ(0)〉 = 〈φ(0)|φ(0)〉. (12)
That is, the bi-norm of the initial state |φ(0)〉 is invariant under time-evolution. Notice
that this last result is compatible with the bi-orthogonal continuity equation (11). In
position-representation, φ(x) = 〈x|φ〉 and φ(x) = 〈x|φ〉, one has
〈φ(t)|φ(t)〉 =
∫
R
φ
∗
(x, t)φ(x, t)dx =
∫
R
ρB(x, t)dx = 1. (13)
3 Optimized binomial states
Let us construct a superposition of n+ 1 adjacent states
|φb〉 =
n∑
k=0
ck|ψk+r〉, (14)
where the non-negative integer r ≥ 0 determines eigenvector |ψr〉 of the lowest energy
that is included in the packet. If the Fourier coefficients ck are chosen such that
|ck|2 =
(
n
k
)
pk(1− p)n−k, 0 ≤ p ≤ 1, k ≤ n, (15)
then the state (14) is automatically bi-normalized 〈φb|φb〉 = 1, with(
n
k
)
=
Γ(n+ 1)
Γ(k + 1)Γ(n− k + 1) (16)
the binomial coefficient. Therefore, the probability |ck|2 of finding the system in the state
|ψk+r〉 is weighted by the probability p of having success k times in n trials. We call the
superposition (14)–(16) an optimized binomial state. The energy of such a wave-packet is
characterized by the (bi-orthogonal) expectation value
〈Hλ〉b ≡ 〈φb|Hλ|φb〉 =
n∑
k=0
(
n
k
)
pk(1− p)n−k(2k − 1) = 2np− 1. (17)
In turn, the time dependence of the superposition state is encoded in the Fourier coeffi-
cients
φb(x, t) =
n∑
k=0
ck(t)ψk+r(x), ck(t) = cke
−2ikt, (18)
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where a global phase e−i(2r−1)t has been dropped. As we are going to show, the opti-
mized binomial state (18) is meaningful because any finite set of n + 1 adjacent energy
eigenvectors can be used to tailor either a classical-like or a quantum-like packet.
We use the binomial distribution (15) for two main reasons: (1) this permits the
construction of wave-packets having a finite number of elements and (2) its limit for a
large number of elements is well known. To be precise, in the limit n→∞ the expression
(15) goes to the normal (Gaussian) distribution if p = const, or to the Poisson distribution
if np = const. The former case is avoided in our approach because it implies that the
energy of the system increases as n→∞. In turn, the Poisson distribution is reached by
increasing the number of states but preserving the energy of the system. Thus, with r = 0
and n→∞, the optimized binomial states (14) converge to the Glauber coherent states [7]
in the quantum oscillator limit. For r 6= 0 and the same conditions the superposition (14)
goes to an r-photon added coherent state. More details are given in Section 3.1.
Figure 2: Time-evolution of the bi-orthogonal probability density ρB and current JB of the optimized
binomial state (18) for n = 30 and the indicated values of r. The first (last) two columns correspond to
a packet of energy 〈Hλ〉b equal to 5 (29) and p = 0.1 (p = 0.5).
The time-evolution of the related bi-orthogonal probability density ρB and current
JB is shown in Figure 2 for n = 30 and the indicated values of p and r. The center
of Re(ρB) oscillates back and forth between two turning points while Im(ρB) exhibits a
zero (change of sign) that oscillates with a shorter amplitude. At a given time t, the
integration of Im(ρB) over all the real line is zero while the summing of Re(ρB) gives 1.
This last is because the time-variations of ρB are compensated by the space-variations of
the bi-orthogonal probability current JB, as indicated in Eq. (11).
In general, for p << 1 the major contribution to the packet ρB is given by the state
|ψr〉, so that we can construct a classical-like packet by taking r = 0 (i.e., with a nonneg-
ative Wigner function). Any other value of r, with p << 1, leads to a nonclassical-like
packet. This last is illustrated in Figure 3, see first row, where we have plotted the re-
lated Wigner distribution [8] (see also [2]) in the limit of the quantum oscillator. For
5
Figure 3: Wigner distribution of the optimized binomial sates φb(x) in the limit of the quantum oscillator
for n = 30 and the indicated value of r. The last four columns are included as a reference and correspond
to the density plot of the first four columns respectively. The probability of success p has been chosen to
be p = 0.1 (first row), p = 0.5 (second row) and p = 0.9 (third row).
p ≈ 1, see third row of Figure 3, we always have a quantum-like packet because the major
contribution is given by the state |ψr+n〉. Quite interestingly, the situation changes for
p = 0.5 because the corresponding Wigner distribution is mainly non-negative, no matter
the value of r, although this exhibits a squeezing that depends on r (see second row of
Figure 3).
3.1 Poisson states
To get a superposition involving a large number of elements we use (7) with
ck =
e−|z|
2/2
√
k!
zk, z ∈ C. (19)
That is, |ck|2 is the Poisson distribution with parameter |z|2. As discussed above, such
a distribution can be obtained from (15) by considering n → ∞ such that np = const.
On the other hand, the Fourier coefficients (19) together with the Fock states |ϕk〉 of the
quantum oscillator produce a Glauber coherent state with 〈Hosc〉z = 2|z|2 + 1. We say
that the superposition of states defined by (19) is a Poisson state φP . The time-evolution
of the related bi-orthogonal probability density and current is depicted in Figure 4. As
in the previous case, the integration of Im(ρB) over all the real line is equal to zero, and
ρB and JB satisfy the bi-orthogonal continuity equation (11). Notice that in this case the
real (imaginary) part of ρB exhibits two local maxima (changes of sign) that evolve in
time in oscillatory form.
In Figure 5 we show the Wigner distribution of the Poisson states φP in the limit of
the quantum oscillator. If |z| = 0 the vector φP coincides with |ψr〉. For 0 < |z| < 1, see
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Figure 4: Time-evolution of the bi-orthogonal probability density ρB and current JB of a Poisson state
φP with |z| = 1. The first (last) two columns correspond to r = 0 (r = 1).
first row of Figure 5, the sensitivity on the value of r is noticeable. That is, the Poisson
states φP behave as r-photon added coherent states [9]. The Wigner distribution is mainly
positive for |z| >> 1 and exhibits squeezing as r increases.
Figure 5: Wigner distribution of the optimized Poisson sates φP (x) in the limit of the quantum oscillator
for the indicated value of r. The last four columns are included as a reference and correspond to the
density plot of the first four columns respectively. The parameter z has been chosen real and equal to
0.6 (first row) and 3 (second row).
4 Concluding remarks
The optimized binomial quantum states presented in the previous sections have been
constructed as a superposition of n + 1 (adjacent) energy eigenvectors of the complex
oscillator (1). Such a superposition has been tailored to represent either a classical or
a nonclassical state in the limit of the quantum oscillator. Moreover, the superposition
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goes to an r-photon added coherent state by summing a very large number of energy
eigenvectors (n → ∞). On the other hand, the formal construction of the coherent
states associated with the complex oscillator (1) involves the algebraic properties of a
fundamental set of operators that are not considered in this work, for more information
see [6]. However, the results reported here are very close to the ones obtained by using
either the Barut-Girardelo or the Perelomov approaches of coherent states [10]. The
subject is still in progress, the details will be reported elsewhere.
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